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We investigate the Andreev reflection in the parallel double-quantum-dot structure, by considering
one metallic lead and one s-wave superconductor to couple to the quantum dots simultaneously. It
is found that the Fano lineshhape has opportunities to appear in the linear conductance spectrum
of the Andreev reflection, which can be reversed by tuning the dot level or local magnetic flux.
However, the property of the Fano effect is very complicated, in comparison with the normal electron
tunnelling case. This is manifested as the special Fano form of the linear-conductance expression
and the interference manner among the Feynman paths. We believe that this work can be helpful
for understanding the Fano interference in the Andreev reflection process.
PACS numbers: 74.45.+c, 73.63.Kv, 73.23.-b
I. INTRODUCTION
The Fano effect, well-known for the asymmetric
lineshapes in the spectra concerned, is an impor-
tant physics phenomenon in many fields, such as
optics, atom and molecule physics, and condensed
matter physics. Its underlying reason is the interfer-
ence between resonant and reference processes[1]. In
low-dimensional semiconductor systems, electronic
transport is governed by quantum coherence. When
the resonant and nonresonant tunneling channels are
achieved, the Fano lineshapes have opportunities to
appear in the transport spectra. One typical sys-
tem for observing the Fano effect is the coupled-QD
structure, which provides multiple channels for elec-
tronic coherent transmission. In appropriate param-
eter region, one or a few channels serve as the reso-
nant paths for electron tunneling and the others are
the nonresonant ones, leading to the occurrence of
the Fano interference[2].
Recently, Fano effect manifests itself in QD struc-
tures by the experimental observation of the asym-
metric lineshape in the conductance spectrum[3–7].
Meanwhile, the relevant theoretical investigations
involve various QD structures, for example, one or
two QDs embedded in an Aharonov-Bohm ring[8–
14], double QDs in different coupling manners[15–
19]. According to these theoretical results, the
Fano effect in QD structures exhibits some pecu-
liar behavoirs in electronic transport process, in con-
trast to the conventional Fano effect. These in-
clude the tunable Fano lineshape by the magnetic
or electrostatic fields applied on the QDs[15–18], the
Kondo resonance associated Fano effect[8, 9, 19],
Coulomb-modification on the Fano effect[20], the
spin-dependent Fano effect[21], and the relation be-
∗Author to whom correspondence should be addressed. Email
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tween the dephasing time and the Fano parameter
q[22]. In addition, the improvement of the ther-
moelectric efficiency induced by the Fano effect has
been demonstrated[23].
At the same time, the developments in the micro-
fabrication technology encourage scientists to take
their interest in the mesoscopic systems with the
coupling between normal metal and superconductors
(SCs) in the past decades[24–30]. It is known that in
such systems, the so-called Andreev reflection (AR)
is allowed to take place at the metal-SC interface
due to the appearance of a new energy scale, i.e.,
the superconducting pairing energy ∆[31]. This phe-
nomenon can be described as follows. If an incoming
electron from the normal metal incidents to the SC,
it will be reflected as a hole, thereby transferring a
Cooper pair into the SC. When the coupled QDs are
embedded between the middle of the normal metal
and SC, various intricate phenomena have been ob-
served, such as the appearance of the Shiba states.
Moreover, since the SC is a the natural source of the
entanglement electrons, the multi-terminal hybrid
systems have been proposed to be promising can-
didates for Cooper pair splitting, by manipulating
the crossed AR between the normal metals[32, 33].
Following the developments in the above two as-
pects, the Fano effect in the AR process has at-
tracted extensive attention[34–40]. As a result, some
results have been observed. Peng et al. discussed the
AR in a four-QD Aharonov-Bohm interferometer,
and found that in this system, the reciprocity rela-
tion for conductance G(ϕ) = G(−ϕ) holds. More-
over, the antiresonance point appears in the AR
conductance spectrum with the adjustment of the
systematic parameters[36]. For the parallel-coupled
double-QDs with spin-flip scattering, the Fano reso-
nance has also been observed though it is relatively
weak. And the spin-flip scattering enables to in-
duces the splitting of the Fano peak[37]. Some other
groups reported the AR in a normal metal-molecule-
SC junction using a first-principles approach. They
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2FIG. 1: Schematic of one parallel double-QD structure.
In this geometry, the QDs are coupled to one normal
metallic lead and one s-wave SC simultaneously.
demonstrated that the presence of the side group
in the molecule can lead to a Fano resonance in
the AR[38]. In addition, it has been showed that
when the T-shaped double QDs is inserted in the
metal-SC junction, two separate Fano structures
appear in the gate-voltage dependence of the AR
process[39]. Decoherence takes effect to the Fano
lineshapes in the T-shaped double QDs coupled be-
tween the metal and SC, when an additional termi-
nal is introduced[40]. These results indeed suggest
that the Fano effect in the AR is very interesting.
However, to clarify its more physics picture, new
discussion is still necessary.
In the present work, we investigate the Fano inter-
ference in the AR process of the parallel double-QD
structure, by considering one metallic lead and one
SC to couple to the QDs respectively. It is found
that Fano lineshhape has opportunities to appear in
the linear AR conductance spectrum, which can be
reversed by tuning the QD level and local magnetic
flux. However, the condition of the Fano resonance
is completely different from that in the normal elec-
tron transport case.
The rest of the paper is organized as follows. In
Sec. II, the model Hamiltonian to describe the elec-
tron motion in the parallel double-QD structure is
introduced firstly. Then a formula for the linear AR
conductance is derived by means of the nonequilib-
rium Green function technique. In Sec. III, the cal-
culated results about the linear conductance spec-
trum are shown. Then a discussion focusing on the
formation of Fano lineshape is given. Finally, the
main results are summarized in Sec. IV.
II. MODEL
The parallel double-QD structure that we consider
is illustrated in Fig. 1. The Hamiltonian to describe
the electronic motion in this double-QD geometry
reads
H = Hn +Hs +Hd +HnT +HsT . (1)
The first two terms (i.e., Hn and Hs) are the Hamil-
tonians for the electrons in the normal metallic lead
and SC, respectively:
Hn =
∑
kσ
εkc
†
kσckσ,
Hs =
∑
kσ
ka
†
kσakσ +
∑
k
(∆ka
†
k↑a
†
−k↓ + h.c.).(2)
c†kσ (ckσ) is an operator to create (annihilate) an
electron of the continuous state |kσ〉 in the normal
metallic lead, and εk is the corresponding single-
particle energy. a†kσ (akσ) is the creation (annihi-
lation) operator in the SC. k is the corresponding
energy, and ∆k is the superconducting pairing po-
tential.
The third term describes the electron in the dou-
ble QDs. It takes a form as
Hd =
2∑
j=1
εjd
†
jσdjσ, (3)
where d†jσ (djσ) is the creation (annihilation) oper-
ator of electron in the jth QD, and εj denotes the
electron level in the corresponding QD. We here as-
sume that only one level is relevant in each QD, since
we mainly take our interest in the AR governed by
the quantum coherence. The last two terms in the
Hamiltonian describe the QD-lead and QD-SC cou-
plings. They are given by
HnT =
∑
kσ,j
Vjkc
†
kσdjσ + h.c.,
HsT =
∑
kσ,j
Wjka
†
kσdjσ + h.c.. (4)
Vjk (Wjk) denotes the QD-lead (QD-SC) coupling
strength with j = 1, 2. In the presence of local mag-
netic flux through this geometry, phase shift will at-
tached to the QD-lead coupling coefficients, which
gives that V1k = |V1k|eiϕ/2 and V2k = |V2k|e−iϕ/2.
The phase shift Φ is associated with the mag-
netic flux ϕ threading the system by a relation
ϕ = 2piΦ/Φ0, in which Φ0 = h/e is the flux
quantum[5, 41].
In this work, we are interested in the AR process
in the superconducting gap, hence the approxima-
tion of ∆k → ∞ is feasible[42, 43]. It should be
emphasized that in such a case, as the Bogoliubov
quasiparticle in the SC is inaccessible, tracing out
of the degree of freedom of the SC does not induce
any dissipative dynamics in the QDs system and it
can be performed exactly. The resulting Hamilto-
nian dynamics of the considered structure can be
redescribed by the following effective Hamiltonian:
H = Hn + H˜d +HnT , where
H˜d =
2∑
σ,j=1
εjd
†
jσdjσ −
2∑
j=1
∆jd
†
j↑d
†
j↓ +
√
∆1∆2d
†
1↑d
†
2↓
+h.c.. (5)
∆j , defined by ∆j = pi
∑
k |Wjk|2δ(ω − k), repre-
sents the effective superconducting pairing potential
3in QD-j induced by the proximity effect between the
SC and it.
We now proceed to calculate the current pass-
ing through the metallic lead, which can be de-
fined as J = −e〈 ˙ˆN〉 with Nˆ = ∑kσ c†kσckσ. Using
the Heisenberg equation of motion, the current can
be rewritten as J = −e∑j,kσ[VjkG<jk,σ(t, t) + c.c],
where G<jk,σ(t, t
′) = i〈c†kσ(t′)djσ(t)〉 is the lesser
Green’s function. With the help of the Langreth
continuation theorem and taking the Fourier trans-
formation, we have[44]
J =
e
h
∫
dETr{σ3Γ[(Gr −Ga)f(E) +G<]} (6)
in which f(E) is the Fermi distribution function.
Gr,a,< are the retarded, advanced, and lesser Green’s
functions in the Nambu representation, which are
defined as Gr(t, t′) = −iθ(t − t′)〈{Ψ(t),Ψ†(t′)}〉
and G<(t, t′) = i〈{Ψ†(t′)Ψ(t)}〉 with Ga = [Gr]†.
The field operator involved, i.e., Ψ, is given by
Ψ = [d1↑, d
†
1↓, d2↑, d
†
2↓]
T . Γ is the linewidth matrix
function of the metallic lead, which describes the
coupling strength between the lead and the QDs. If
the lead is manufactured by two-dimensional elec-
tron gas, the elements of Γ will be independent of
energy.
It is not difficult to find that for calculating the
current, one must obtain the expressions of the re-
tarded and lesser Green’s functions. The retarded
Green’s function can be in principle obtained from
the Dyson’s equation. Via a straightforward deriva-
tion, the matrix of the retarded Green’s function can
be written out, i.e.,
[Gr(E)]−1 =
g1e(E)
−1 ∆1 i2Γ12,e −
√
∆1∆2
∆1 g1h(E)
−1 −√∆1∆2 i2Γ12,h
i
2
Γ21,e −
√
∆1∆2 g2e(E)
−1 ∆2
−√∆1∆2 i2Γ21,h ∆2 g2h(E)−1
 ,(7)
where gje(h) = [E ∓ εj + i2Γjj,e]−1. Γjl,e and Γjl,h
are defined as Γjl,e = 2pi
∑
k V
∗
jkVlkδ(E − εk) and
Γjl,h = 2pi
∑
k VjkV
∗
lkδ(E+εk), respectively. Within
the wide-band approximation of the lead, we will
have Γjj,e = Γjj,h. And then, the matrixes of Γe
and Γh can be respectively expressed as
Γe =

Γ1 0
√
Γ1Γ2e
−iϕ 0
0 0 0 0√
Γ1Γ2e
iϕ 0 Γ2 0
0 0 0 0
 (8)
and
Γh =

0 0 0 0
0 Γ1 0
√
Γ1Γ2e
iϕ
0 0 0 0
0
√
Γ1Γ2e
−iϕ 0 Γ2
 . (9)
As for the lesser Green’s function, it can be deduced
by using Keldysh equation G< = GrΣ<Ga, where
Σ< =
[
Σ<11 Σ
<
12
Σ<21 Σ
<
22
]
(10)
with Σ<jl =
[
iΓjl,ef(E − eV ) 0
0 iΓjl,hf(E + eV )
]
.
After the derivation above, the electronic current
can be further simplified, i.e.,
J =
2e
h
∫
dE{TA(E)[f(E − eV )− f(E + eV )]}. (11)
where TA = Tr[ΓeG
r(E)ΓhG
a(E)] is the AR func-
tion. In the case of zero temperature limit, the
current formula can be reexpressed, yielding J =
2e
h
∫ eV
−eV TA(E)dE. It is evident that TA(E) is an im-
portant quantity to evaluate the electronic current
driven by the AR. After a complicated derivation,
we can write out the analytical its expression, i.e.,
TA(E) = |τ(E)|2 with the AR coefficient being
τ(E) =
E2(e−iϕΓ2∆2 + eiϕΓ1∆1 −
√
Γ1Γ2∆1∆2)− (e−iϕ2 ε1
√
Γ2∆2 − eiϕ2 ε2
√
Γ1∆1)
2
det |[Gr(E)]−1| . (12)
At the zero-bias limit, we will have J = G · V with
the linear conductance given by
G = 4e
2
h
TA|E=0. (13)
Note that at equilibrium, the chemical potential in
the normal metallic lead has been assumed to be
zero. As a result, the expression of τ is written as
τ |E=0 = −4(e
−iϕ
2 ε1
√
Γ2∆2 − eiϕ2 ε2
√
Γ1∆1)
2
(ε1Γ2 + ε2Γ1)2 + 4(ε1∆2 + ε2∆1)2 + 4ε21ε
2
2 + C
where C = |√Γ1∆2eiϕ/2 +
√
Γ2∆1e
−iϕ/2|4. At the
case of ∆j = ∆, there will be
τ |E=0 = −4∆(e
−iϕ
2 ε1
√
Γ2 − eiϕ2 ε2
√
Γ1)
2
(ε1Γ2 + ε2Γ1)2 + 4∆2(ε1 + ε2)2 + 4ε21ε
2
2 + C
in which C = ∆2|√Γ1eiϕ/2 +
√
Γ2e
−iϕ/2|4.
III. NUMERICAL RESULTS AND
DISCUSSIONS
Following the formulation developed in the previ-
ous section, we continue to perform the numerical
4FIG. 2: Eigen-levels of the double QDs in the Nambu
representation, due to their coupling via one SC.
FIG. 3: Spectra of the AR in the parallel double-QD
structure. The level of QD-1 is taken to be ε1 = 0, 0.25,
and 0.5. The identical QD-lead couplings is fixed with
Γ = 0.5. (a)-(c) Results in the cases of ∆ = 0.5, and
(d)-(f) correspond to the results of ∆ = 0.25.
calculation to investigate the AR spectrum of the
parallel double-QD structure with one SC.
Before our discussion, we try to solve the eigen-
levels of the double QDs in the Nambu rep-
resentation, which play nontrivial roles in gov-
erning the AR properties of this system. Af-
ter calculation, we obtain the four eigenlevels
as E1 = −E4 = −1√2
√
ε21 + ε
2
2 + 4∆
2 + Ω and
E2 = −E3 = −1√2
√
ε21 + ε
2
2 + 4∆
2 − Ω with Ω =√
(ε21 − ε22)2 + 4∆2(ε1 − ε2)2 + 16∆4. With the
help of this result, we can find the leading feature
of the eigenlevels. To be concrete, in the case of
ε1 = ε2 = 0, the level degeneracy has an opportu-
nity to take place between E2 and E3, where E1 and
E4 are away from each other by 2∆. Detailed infor-
mation of the eigenlevels can be observed in Fig.2.
It shows that E1(2) (or E3(4)) change in opposite
manners with the adjustment of ε2. When ε2 de-
parts from its zero value, the absolute value of E1
(E4) increases linearly, but E2 (E3) tends to keep
changeless. This change manner is reversed when ε2
varies around its zero value. In addition, one can
notice that reducing ∆ mainly leads to the decrease
of the minimum of E1 and the maximum of E2.
Next, we proceed to investigate the AR behav-
iors in our structure by considering two coupling
manners, i.e., the case of symmetric QD-lead cou-
pling where Γj = Γ and ∆j = ∆ and the case of
asymmetric QD-lead coupling where Γ1 = 10Γ2 and
∆1 = 10∆2.
A. Case of symmetric QD-lead couplings
We first consider the case of symmetric QD-lead
couplings and present the AR spectra of the parallel
double-QD structure. In this case, the AR coefficient
can be directly written as
τ(E) =
(2 cosϕ− 1)E2 − (e−iϕ/2ε1 − eiϕ/2ε2)2
det |[Gr(E)]−1| Γ∆.
(14)
In the absence of magnetic flux, there will be
τ(E) = 1det |[Gr(E)]−1| [E
2−(ε1−ε2)2]Γ∆. This means
that the antiresonance points will appear in the AR
spectrum in the situation of E = ±(ε1−ε2). The AR
numerical results are shown in Fig.3, where Γ = 0.5.
With respect to the effective pairing potentials in
the QDs, they are assumed to be ∆ = 0.5 and 0.25,
respectively. Fig.3(a)-(c) show the results of ε1 = 0,
0.25, and 0.5, in the case of ∆ = 0.5. In Fig.3(a)
we see that the eigenlevels of the double QDs pro-
vide channels for the AR process. This is manifested
as that the peaks of the AR spectra are consistent
with the eigenlevels of the double QDs. However,
the value of TA(E) cannot reach unity in the case
of E = Ej . It also shows that E1 and E4 make
little contribution to the AR. And the AR peaks
related to E2 and E3 disappear in the region of
5−1.0 < ε2 < 1.0. In Fig.3(b)-(c), one can find that
when the level of QD-1 shifts away from the zero en-
ergy point, the asymmetry of the AR spectrum be-
comes more apparent with the change of ε2. In the
case of ε1 = 0.5, the AR is almost suppressed in the
region of ε2 > 0. Instead, in the region of ε2 < 0, the
AR is enhanced to much degree. and the AR peaks
contributed by E2 and E3 get crossed. As a result,
the AR becomes resonant at the point of E = 0.
Next, when the superconducting pairing potential
in the QD decreases with ∆ = 0.25, the AR spec-
tra are narrowed seriously and the AR phenomenon
mainly occurs in the region of |E| < 0.5. Besides,
the contribution of E1 and E4 becomes more weak,
as shown in Fig.3(d)-(f). The other result lies in that
the relation between the double-QD eigenlevels and
the AR peaks becomes relatively ambiguous. All
these results indicate that compared with the single-
electron tunneling, the AR peaks relate to the eigen-
levels of the QDs in the Nambu representation in an
alternative way. Meanwhile, the co-existence of two
antiresonance conditions makes nontrivial impact on
the AR spectrum of this system.
FIG. 4: AR spectra affected by the local magnetic flux
through this system. The level of QD-1 is fixed with
ε1 = 0.5. Other structural parameters are the same as
those in Fig.2, respectively.
In Fig.4, we introduce local magnetic flux through
this ring junction to investigate the change of AR
properties. From Eq.(14), it can be observed that
in the case of ϕ = pi, τ(E) has an opportunity
to be equal to zero, corresponding to the occur-
FIG. 5: Linear-conductance spectra of the AR process
in the parallel double-QD structure. The QD-lead cou-
pling strengths are Γ = 0.5. (a)-(b) Results in the cases
of ∆ = 0.5 and 0.25, respectively. The level of QD-1 is
taken to be ε1 = ±0.5, ±0.25, and 0. (c)-(d) Influence
of magnetic flux on the conductance spectra in the case
of ∆ = 0.25.
rence of antiresonance phenomenon at the positions
of E = ±1√
3
(ε1 + ε2). Fig.4(a)-(c) show the results
of ϕ = pi3 ,
2pi
3 , and pi, respectively, in the case of
ε1 = 0.5 with ∆ = 0.5. And the result of ∆ = 0.25
are exhibited in Fig.4(d)-(f). One can readily find
that with the increase of magnetic flux, the AR spec-
trum experiences obvious changes. Firstly, the E1-
contributed AR peaks are strengthened and widened
apparently. On the other hand, the magnetic flux
modifies the role of ε2. As shown in Fig.4(c), when
ε2 tunes in the positive-energy region, the AR begins
to be more active. Also, due to the occurrence of the
antiresonances, the edges of the respective parts of
the AR spectrum can be clearly seen in the case of
ϕ = pi. Next for the case of ∆ = 0.25, the leading
properties of the AR spectra are basically similar to
those in the above case [See Fig.4(d)-(f)]. The differ-
ence lies in the narrowness of the AR spectra. This
inevitably re-regulates the AR peaks. As shown in
Fig.4(f), there are three peaks survived in the AR
spectrum in the case of ϕ = pi.
In view of the above AR results, we would like to
concentrate on its linear conductance spectrum to
clarify the AR property in this structure. According
to Eq.(13), the linear conductance is related to the
AR ability in the case of E = 0. In Fig.5, we plot
the linear conductance curves, by taking ∆ = 0.5
and 0.25, respectively. Firstly, Fig.5(a) show the re-
sults of the fixed level of QD-1, where ε1 = ±0.5,
±0.25, and 0. We can clearly find that in the case
of ε1 = 0.5, one Fano lineshape appears in the linear
conductance spectrum, with the Fano peak and an-
tiresonance at the positions of εd = 0 and εd = 1.0.
6When the level of QD-1 shifts to ε1 = −0.5, the
Fano lineshape is reversed. This exactly means that
in the linear AR process of the parallel double-QD
structure, Fano interference can also take place. And
its mode can be tuned with the help of the electric
method. Next, if we choose ε1 = ±0.25, there also
exist the Fano lineshapes in the conductance spec-
tra. However, no Fano resonance peak survives in
such cases. If ε1 = 0, only one symmetric lineshape
can be observed, though the occurrence of the an-
tiresonance at the position of εd = 0.5. Next, if ∆
decreases to 0.25, one can from Fig.5(b) find that the
Fano resonance is allowed to take place as well, inde-
pendent of the different ε1. Therefore, the effective
pairing potentials in the QDs play their special roles
in driving the Fano resonance in the linear AR pro-
cess. In addition, as shown in Fig.5(c)-(d), the local
magnetic flux can effectively modify the Fano line-
shape in the conductance spectrum. Until ϕ = pi,
the Fano lineshape is reversed. Note, however, that
differently from the electric tuning, the Fano peak in
the case of ϕ = pi becomes narrow after the reversal.
B. Case of asymmetric couplings
FIG. 6: AR spectra in the parallel double-QD struc-
ture. The level of QD-1 is taken to be ε1 = 0, 0.25, and
0.5. The QD-lead coupling strength is Γ1 = 10Γ2 = 1.0.
(a)-(c) Results in the cases of ∆1 = 1.0, and (d)-(f) cor-
respond to the results of ∆1 = 0.5.
FIG. 7: AR spectra affected by the local magnetic flux
through this system. ε1 is assumed to be 0.5. The other
parameters are identical with those in Fig.7, respectively.
In this part, we would like to pay attention to
the case of asymmetric QD-lead couplings, to in-
vestigate the AR behaviors. One reason is that
the quantum transport properties in the parallel
double-QD structure is tightly dependent on the
QD-lead coupling manners. Without loss of gen-
erality, the QD-lead(SC) couplings are taken to be
Γ1
Γ2
= ∆1∆2 = λ = 10. In this case,
τ(E) =
(1 + λ−√λ)E2 − (λε1 − ε2)2
det |[Gr(E)]−1| Γ2∆2
in the absence of magnetic flux. As a result, the
antiresonance positions shift to the points of E =
± λε1−ε2√
1+λ−√λ
.
Fig.6 shows the AR spectra in the cases of ∆1 =
1.0 and 0.5, respectively, by taking the magnetic flux
out of account. We can see that the asymmetry of
the QD-lead couplings takes nontrivial effect to the
AR process of this system. Firstly, in Fig.6(a) it
shows that with the change of E, two main peaks
appear in the AR spectrum, near the regions of
E = ±1.0. The position of the AR peaks seem to
be independent of the shift of ε2. The other phe-
nomenon is that the AR spectrum is clearly divided
into four regions by the two antiresonance conditions
shown in the above paragraph. Accordingly, the
value of TA(E) is exactly equal to zero at the energy
7FIG. 8: Linear-conductance spectra of the AR in the
parallel double-QD structure. (a)-(b) Results in the
cases of ∆1 = 1.0 and 0.5. The level of QD-1 is taken to
be ε1 = ±0.5, ±0.25, and 0, respectively. (c)-(d) Impact
of magnetic flux on the conductance spectra.
zero point. With the increase of ε1, the asymmet-
ric AR spectrum comes into being with the shift of
ε2, as shown in Fig.6(b)-(c). Meanwhile, the edges
of the four AR regions becomes unclear gradually,
though the lines can not be obviously modified by
the change of ε2. Next, the case of ∆1 = 0.5 is ex-
hibited in Fig.6(d)-(f). In the case of ε1 = 0, one can
find one wide peak around the point of E = 0. With
the increase of ε1, this peak is destroyed, and the
suppression of the AR process can also be observed,
accompanied by the appearance of the asymmetric
AR spectrum. Therefore, the asymmetry of the QD-
lead coupling can efficiently alter the AR properties
in the considered structure.
In Fig.7, we continue to present the influence of
the local magnetic flux through this ring on the AR
properties. Fig.7(a)-(c) show the results of ϕ = pi3 ,
2pi
3 , and pi, respectively, in the case of ε1 = 0.5 with
∆1 = 1.0. And Fig.4(d)-(f) correspond to the re-
sult of ∆1 = 0.5. In this figure, one can find that
with the increase of magnetic flux, the AR spectrum
exhibits obvious changes. Similar to the results in
Fig.4, the E1-contributed AR peaks are strength-
ened and widened apparently. In addition, the AR
maximum near the positions of E = ±1.0 is sup-
pressed, compared with the case of ϕ = 0. The other
result is that due to the disappearance of the antires-
onances, the partition of the AR spectrum becomes
ambiguous in the cases of ϕ = pi3 and
2pi
3 . Next in
Fig.7(d)-(f), it shows that the magnetic flux indeed
reverses the symmetry of the AR spectrum, but the
AR ability cannot be enhanced in this process.
The results in Fig.6 and Fig.7 show that the an-
tiresonance is allowed to take place even in the case
of E = 0 when ϕ = npi. Thus we anticipate that
the Fano effect can be observed in the linear con-
ductance spectrum despite the asymmetry of the
QD-lead couplings. With this idea, we plot the lin-
ear conductance profile of the AR in Fig.8. It is
clearly shown that apparent Fano lineshape exists
in the conductance spectrum. As shown in Fig.8(a)-
(b), the Fano effect is enhanced when the super-
conducting pairing potentials in the QDs decrease
to ∆ = 0.5. This is due to the fact that in this
case, the Fano resonance is able to to take place.
Also, compared with the result in Fig.5, the refer-
ence channel makes more contribution to the Fano
effect in this case, because of the increase of the con-
ductance value outside the Fano interference region.
In addition, in Fig.8(c)-(d), it shows that the local
magnetic flux can reverse the Fano lineshape in the
conductance spectrum. Up to now, we have known
that in this structure, the Fano effect is robust in
the linear AR process when one arm provides the
reference channel.
C. Analysis on the Fano effect
We next aim to clarify the Fano effect in the linear
AR process. It is well-known that for discussing the
Fano effect, one has to transform the conductance
expression into its Fano form. Following this idea,
we start to analyze the Fano effect in the linear AR
process by presenting the analytical expression of
the AR coefficient. After a series of deduction, we
are allowed to obtain the Fano expression of τ |E=0,
i.e., τ |E=0 = τb α(e+q)
2
αe2+1 e
iϕ. And then,
TA|E=0 = |τb|2α
2|e+ q|4
|αe2 + 1|2 . (15)
Here τb =
4Γ1∆1
4ε21+Γ
2
1+4∆
2
1
is the AR coefficient in the
absence of QD-2. e = ε2 + τb
Γ1Γ2+4∆1∆2
4Γ1∆1
ε1, and
q = −(Γ1Γ2 + 4∆1∆2
4Γ1∆1
τb +
√
Γ2∆2√
Γ1∆1
e−iϕ)ε1 (16)
is the so-called Fano parameter. In addition, the
other quantity also comes into play, i.e., α =
16Γ21∆
2
1
[4(Γ1∆2−∆1Γ2)2+4ε21(Γ22+4∆22)]τ2b+4Γ1∆1τbC
, which is al-
ways positive. It should be noticed that this Fano
expression is basically complicated and different
from the result in the case of single electron tunnel-
ing where Tet = Tb
|e+q|2
e2+1 with Tb being the electron
tunneling ability in the reference channel [45–47].
This reflects the complicated nature of the Fano ef-
fect in linear AR process.
In Eq.(16), one can find that in this structure, the
arm of QD-1 enables to provide the reference channel
for the Fano interference in the linear AR process.
However, the information of the resonant channel
cannot be directly obtained from the other arm, due
to the complexity of the parameter e. Surely, with
8FIG. 9: (a)-(b) Magnitudes and phases of the Feynman
paths τje,lh. (c)-(d) Magnitudes and phases of the zero-
order paths of τ
(j)
1e,1h. Related parameters are taken to
Γj = 0.5, ∆j = 0.25, and ε1 = 0.5.
the change of e, the profile of TA|E=0 indeed ex-
hibits the Fano lineshape, for a real Fano parameter
q. And when the sign of q (i.e., ±) changes, the Fano
lineshape will be reversed. One can then understand
the Fano lineshapes in the linear conductance spec-
tra in Fig.5 and Fig.8. The Fano antiresonance can
be analyzed as follows. When finite magnetic flux
is introduced through this ring, the Fano parameter
q will become complex, so e + q 6= 0 and the Fano
effect will be suppressed. Otherwise, in the cases
of ϕ = 0(pi), the position of the Fano antiresonance
can be ascertained by letting e + q = 0, and the
corresponding condition can be solved, i.e.,
ε1
√
Γ2∆2 ∓ ε2
√
Γ1∆1 = 0. (17)
This relationship is simplified to be ε1∓ε2 = 0 in the
case of ∆j = ∆ with the same QD-lead couplings.
According to these results, we know that for a fixed
ε1, there always exists the antiresonance point in the
linear conductance spectrum, with its position being
at the points of ε2 = ±
√
Γ2∆2
Γ1∆1
ε1 = ±λε1 in the case
of ϕ = 0(pi).
It should be admitted that the Fano effect in the
linear AR process stems from the quantum interfer-
ence among the Feynman paths involved. Thus we
need to clarify the interference manner to further
understand the Fano effect in this system. To be-
gin with, it is not difficult to find that τ = τ1e,1h +
τ2e,1h + τ1e,2h + τ2e,2h where τje,lh = VjeGrje,lhVlh
with V1e(h) =
√
Γ1e
∓iϕ/2, and V2e(h) =
√
Γ2e
±iϕ/2.
This means that the Fano interference takes place
among these four paths. Their contributions to the
linear conductance are shown in Fig.9(a). One can
see the nonzero contribution of each path. In ad-
dition to τ2e,2h, the other two paths, i.e., τ2e,1h
and τ1e,2h, also exhibit Breit-Wigner lineshapes with
the change of ε2, despite their different magnitudes.
One can then know that the resonant channel of
the Fano interference is indeed offered by the cou-
pling between QD-2 and the normal lead and SC,
whereas τ2e,1h and τ1e,2h provide the supplemen-
tal but necessary information on this channel. The
results in Fig.9(b) describe the phases of the four
paths. They can help us to understand the Fano
resonance and antiresonance points in the linear con-
ductance spectrum. On the other hand, in Fig.9(a)
we have to notice that τ1e,1h does not only provide
the reference channel, due to its asymmetric line-
shape in the interference region. Therefore, it is nec-
essary to present its detailed content by writing it
as τ1e,1h =
∑4
j=1 τ
(j)
1e,1h with
τ
(1)
1e,1h = V1eg1e∆1g1hA˜pV1h;
τ
(2)
1e,1h = −
1
4
V1eg1eV∗1eV2eg2e∆2g2hV2hV∗1hg1hA˜pV1h;
τ
(3)
1e,1h =
i
2
V1eg1e
√
∆1∆2g2hV2hV∗1hg1hA˜pV1h;
τ
(4)
1e,1h =
i
2
V1eg1eV∗1eV2eg2e
√
∆1∆2g1hA˜pV1h.
Here A˜p = 1/[g1eg1hg2eg2h det |[Gr]−1|E=0] =∑∞
l=0A
(l) = 1− i2
√
∆1∆2g2e∆2g2hV2hV∗1hg1h + · · · .
One can then understand the complicated quan-
tum interference manner, by recognizing the mul-
tiple Feynman paths. And it is certain that the in-
terference among them leads to the asymmetric line-
shape of |τ1e,1h|2. Via a further observation, it can
be known that τ
(1)
1e,1h makes a leading contribution to
the interference, since its zero-order component ex-
actly describes the particle motion in the reference
channel. Therefore, the arm of QD-1 provides the
reference channel but not only the reference chan-
nel for the Fano interference of our considered sys-
tem. In Fig.9(c)-(d), the magnitudes and phases of
the zero-order paths of τ
(j)
1e,1h are presented. With
the help of such analysis, we can understand that
the direct AR processes in the two arms provide the
reference and resonant channels for the Fano inter-
ference. It is the complicated interference among
multiple Feynman paths that drives the appearance
of the Fano lineshape in the linear conductance spec-
trum.
Since the two arms can provide the reference
and resonant channels for the Fano interference, we
would like to investigate the Fano effect in the case
where the levels of the two QDs are tunable, e.g.,
ε1 = εd+δ and ε2 = εd−δ by taking Γ1 = 10Γ2 and
∆1 = 10∆2. One expects that due to the asym-
metric QD-lead coupling, the Fano effect can be
driven in this case. As shown in Fig.10(a), in the
case of ∆1 = 0.25, two peaks appear in the linear-
conductance spectrum. One is “more” resonant and
the other is “less” resonant. This is exactly the
necessary condition of the Fano interference. Thus,
one sees the occurrence of the Fano effect. When
∆1 = 0.5, the conductance magnitude increases, and
9FIG. 10: Linear-conductance spectra of the Andreev
reflection in the case of εj = εd± δ with δ = 0.5. (a)-(b)
Results of Γ1 = 10Γ2 and ∆1 = 10∆2. (c)-(d) The QD-
lead(SC) couplings are taken to be the same, i.e., Γj = Γ
and ∆j = ∆.
the Fano effect becomes apparent. However, the fur-
ther increase of ∆1 can only weaken the Fano effect
[See the case of ∆ = 1.0]. Next, after the applica-
tion of the magnetic flux, the Fano lineshape in the
conductance spectrum can be reversed in the case of
ϕ = pi [See Fig.10(b)]. One can then find that even
when the two QDs are both level-tunable, the Fano
effect can be induced in the linear AR process, in
the case of the asymmetric QD-lead couplings.
For comparison, in Fig.10(c)-(d) we consider the
other case, i.e., Γj = Γ and ∆j = ∆, by consider-
ing ε1 = εd + δ and ε2 = εd − δ with δ. As shown
in Fig.10(c), in the case of ∆ = 0.1, two peaks ap-
pear in the linear-conductance spectrum. With the
increase of ∆ to ∆ = 0.25, one peak arises at the po-
sition of εd = 0 in the conductance spectrum. When
∆ is further increased to ∆ = 0.5, the conductance
peak is weakened. Thus in such a case, no Fano
effect takes place. The underlying physics should
be attributed to the disappearance of the reference
channel. When the magnetic flux is taken into ac-
count, the conductance spectrum can be changed,
as shown in Fig.10(d). In the case of ϕ = pi, one
antiresonance point can be observed at the position
of εd = 0, but it cannot be viewed as the Fano an-
tiresonance.
IV. SUMMARY
To sum up, in this work we have investigated sys-
tematically the AR properties in the parallel double-
QD structure, by considering one metallic lead and
one s-wave SC to couple to the QDs respectively.
As a result, it has been found that Fano linesh-
hapes are allowed to appear in the linear conduc-
tance spectrum of the AR process, when one arm
provides the reference channel for the quantum in-
terference. Besides, the Fano lineshapes can be re-
versed by tuning the QD level or local magnetic flux.
However, the condition of the Fano resonance is com-
pletely different from that in the normal electron
transport case. By presenting the Fano form of the
linear-conductance expression, we have presented a
detailed explanation about the Fano effect in this
structure. And the Fano interference manner has
been described by means of the Feynman path lan-
guage. We believe that this work can be helpful for
understanding the Fano interference in the AR pro-
cess.
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